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a b s t r a c t
We prove the existence and multiplicity of positive T -periodic solution(s) for T -periodic
equation x′(t) = h(t, x) − λb(t)f (x(t − τ(t))) by Krasnoselskii fixed point theorem,
where f (x)may be singular at x = 0. Our results improve some recent results in previous
literature.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, we consider the following T -periodic equation
x′(t) = h(t, x)− λb(t)f (x(t − τ(t))), (1.1)
where λ > 0 is a positive parameter, h is continuous in x and T -periodic in t, b ∈ C(R, [0,∞)) and τ ∈ C(R, R) are T -
periodic, function f ∈ C((0,∞), (0,∞)) and may have a repulsive singularity near x = 0, that is, limx→0+ f (x) = ∞. We
provides some explicit intervals of λ such that (1.1) has one or multiple positive T -periodic solution(s). As applications of
our main results, we prove that the number of positive T -periodic solutions can be determined by i0 and i∞ defined bellow:
f0 = limu→0+ f (u)u and f∞ = limu→∞ f (u)u ,
i0 = number of zeros in the set {f0, f∞},
i∞=number of infinities in the set {f0, f∞}.
SinceWang [1] began this kind of problem for a generalized form of the equation in [1] it has been extensively considered
bymany authors (see, for example [2–6]). All these authors [1–6] focus their attentions on the fact that the number of positive
T -periodic solutions can be determined by the behaviors of the quotient of f (x)x at x = 0 and x = ∞. However, our main
results show the number of positive T -periodic solutions can be determined by the behaviors of the quotient of f (x)x at any
x ∈ [0,∞].
In this paper, we make the following assumptions:
(H1) There exist functions a1, a2 ∈ C(R, [0,∞)) such that
∫ T
0 a2(t)dt ≥
∫ T
0 a1(t)dt > 0 and a1(t)x ≤ h(t, x) ≤ a2(t)x for
a.e t ∈ R and x > 0. In additional, limx→0 h(t,x)x exists for a.e t ∈ R.
(H2) B :=
∫ T
0 b(t)dt > 0.
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2. Preliminaries
In the proof of our main results, we need the following Krasnoselskii fixed point theorem [7].
Theorem 2.1. Let X be a Banach space and K a cone in X. AssumeΩ1,Ω2 are open subsets of X with 0 ∈ Ω1, Ω¯1 ⊂ Ω2 and let
Γ : K ∩ (Ω¯2 \Ω1)→ K be a completely continuous operator such that one of the following conditions is satisfied:
(i) ‖Γ u‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω1 and ‖Γ u‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω2;
(ii) ‖Γ u‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω1 and ‖Γ u‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω2.
Then Γ has at least one fixed point in K ∩ (Ω¯2 \Ω1).
In order to apply Theorem 2.1 to (1.1), we take
X = {x ∈ C(R, R) : x(t + T ) = x(t)}
endowed with the norm ‖x‖ = supt∈[0,T ] |x(t)|. Then X is a Banach space. Let
σi = e−
∫ T
0 ai(t)dt , i = 1, 2, m = σ2
1− σ2 , M =
1
1− σ1 .
It follows from (H1) that 0 < mM < 1. Define the cone
K :=
{
x ∈ X : x(t) ≥ m
M
‖x‖
}
.
Define the operator Γλ : K → X by
Γλx(t) = λ
∫ t+T
t
Gx(t, s)b(s)f (x(s− τ(s)))ds,
where
Gx(t, s) = e
∫ t
s
h(θ,x(θ))
x(θ) dθ
1− e−
∫ T
0
h(θ,x(θ))
x(θ) dθ
.
It follows from (H1) that if x ∈ K , then
max
t,s∈[0,T ]
Gx(t, s) = M, min
t,s∈[0,T ]Gx(t, s) = m.
If (H1) and (H2) hold and x ∈ K , then
λm
∫ T
0
b(s)f (x(s− τ(s)))ds ≤ ‖Γλx‖ ≤ λM
∫ T
0
b(s)f (x(s− τ(s)))ds. (2.1)
The construction of the function Gx(t, s) is due to Yan [3]. Following the approach in [3], we can easily prove the following two
results. Similar arguments have been also employed in [1,2,4]. We remark that the proofs are similar and are not repeated here.
Lemma 2.1. Assume (H1)–(H2) hold. Then Γλ(K) ⊂ K and Γλ : K → K is completely continuous.
Lemma 2.2. Assume (H1)–(H2) hold. Then a function x is a solution of Eq. (1.1) if and only if Γλx = x, x ∈ K .
3. Main results
In this section, we shall provide two explicit intervals of λ such that Eq. (1.1) has at least one positive T -periodic solution.
Theorem 3.1. Assume (H1)–(H2) hold and there exist R, r such that R > r > 0 and
m2 min
x∈[ mM r,r]
f (x)
x
> M2 max
x∈
[
R,Mm R
] f (x)x . (3.1)
Then (1.1) has a positive T-periodic solution x satisfying r < x ≤ Mm R for
1
MB max
x∈
[
R,Mm R
] f (x)x ≥ λ >
M
m2B min
x∈[ mM r,r]
f (x)
x
. (3.2)
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Proof. According to (3.1), the set
{
λ : 1
MBmax
x∈
[
R,Mm R
] f (x)
x
≥ λ > M
m2Bminx∈[ mM r,r]
f (x)
x
}
is nonempty. It follows from (3.2) that
f (x)
x
>
M
λm2B
, ∀x ∈
[m
M
r, r
]
,
f (x)
x
≤ 1
λMB
, ∀x ∈
[
R,
M
m
R
]
.
Define the open sets
Ω1 := {x ∈ X : ‖x‖ < r},
Ω2 :=
{
x ∈ X : ‖x‖ < M
m
R
}
.
If x ∈ ∂Ω1 ∩ K , then ‖x‖ = r and mM r ≤ x(t) ≤ r for all t . According to (2.1) we have
‖Γλx‖ ≥ λm
∫ T
0
b(s)f (x(s− τ(s)))ds
> λm
∫ T
0
b(s)
M
λm2B
x(s− τ(s))ds
≥ M
mB
∫ T
0
b(s)
m
M
rds
= r = ‖x‖.
If x ∈ ∂Ω2 ∩ K , then ‖x‖ = Mm R and R ≤ x(t) ≤ Mm R for all t . We get
‖Γλx‖ ≤ λM
∫ T
0
b(s)f (x(s− τ(s)))ds
≤ λM
∫ T
0
b(s)
1
λMB
x(s− τ(s))ds
≤ 1
B
∫ T
0
b(s)
M
m
Rds = M
m
R = ‖x‖.
Thus, Theorem 2.1 yields the existence of a T -periodic solution x ∈ K ∩ (Ω¯2 \Ω1) of (1.1). Notice the fact that ‖Γλx‖ > ‖x‖
for x ∈ ∂Ω1 ∩ K , we conclude that this T -periodic solution x ∈ K ∩ (Ω¯2 \ Ω¯1), that is
r < x(t) ≤ M
m
R, ∀t,
clearly, such a solution is positive. This completes the proof. 
Theorem 3.2. Assume (H1)–(H2) hold and there exist R, r such that R > r > 0 and
m2 min
x∈
[
R,Mm R
] f (x)x > M2 maxx∈[ mM r,r]
f (x)
x
. (3.3)
Then (1.1) has a positive T-periodic solution x satisfying r < x ≤ Mm R for
1
MB max
x∈[ mM r,r]
f (x)
x
> λ ≥ M
m2B min
x∈
[
R,Mm R
] f (x)x . (3.4)
Proof. By (3.3), the set
{
λ : 1
MBmaxx∈[ mM r,r]
f (x)
x
> λ ≥ M
m2Bmin
x∈
[
R,Mm R
] f (x)
x
}
is nonempty. It follows from (3.4) that
f (x)
x
<
1
λMB
, ∀x ∈
[m
M
r, r
]
,
f (x)
x
≥ M
λm2B
, ∀x ∈
[
R,
M
m
R
]
.
The rest of the proof is similar to the proof of Theorem 3.1. This completes the proofs. 
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4. Applications
In order to illustrate applications of Theorems 3.1 and 3.2, wewill provide an example and two corollaries in this section.
Yan [3] investigated the existence of positive periodic solutions for the periodic impulsive functional differential equation
with two parameters{
x′(t) = a(t)g(x(t))x(t)− λf (t, x(t − τ(t))), t ∈ R, t 6= tk;
x(t+k )− x(tk) = µIk(tk, x(tk − τ(tk))).
Eq. (1.1) is a special case of the above equation, that is, setting µ = 0, f (t, x) = f (x), then the above equation reduces to
Eq. (1.1). We point out here that our main results are not just the spacial cases of the results in [3]. Comparing our mains
results in Section 3 to the main results in [3], one can find that [3] proves the fact that the number of positive T -periodic
solutions can be determined by the behaviors of the quotient of f (x)x at x = 0 and x = ∞. However, our main results show
the number of positive T -periodic solutions can be determined by the behaviors of the quotient of f (x)x at any x ∈ [0,∞] (to
see Theorems 3.1 and 3.2 in Section 3). From the view that 0,∞ ∈ [0,∞], our main results generalize the results in some
other previous papers. As special cases of our main results, we will prove that the number of positive T -periodic solutions
can be determined by the behaviors of the quotient of f (x)x at x = 0 and x = ∞(to see Corollaries 4.2 and 4.3).
Wang [1] dealt with equation
x′(t) = a(t)g(x(t))x(t)− λb(t)f (x(t − τ(t))), (4.1)
where a ∈ C(R, [0,∞)) is T -periodic, 0 < l < g(x) < L < ∞ for x ≥ 0, f ∈ C([0,∞), [0,∞)) and f (x) > 0 for x > 0,
functions b(t), τ (t) are T -periodic and continuous for t ≥ 0. Letting σ = e−
∫ T
0 a(t)dt , M(r) = max{f (t) : 0 ≤ t ≤ r} and
m(r) = min{f (t) : σ L(1−σ l
1−σ L r ≤ t ≤ r}, Wang [1] given the following result:
Theorem 4.1. [ [1], Theorem 1.1]
(a) If i0 = 1 or 2, then (4.1) has i0 positive T-periodic solution(s) for λ > 1−σ L
σ Lm(1)
∫ T
0 b(t)dt
> 0
(b) If i∞ = 1 or 2, then (4.1) has i∞ positive T-periodic solution(s) for 0 < λ < 1−σ lM(1) ∫ T0 b(t)dt .
As pointed out byWang [1], the expressions for the intervals of λ are not optimal. It may be a difficult job to find these optimal
intervals. In addition, one can find that the assertion (b) fails to the case limx→0+ f (x) = ∞, this is due to the definition of M(r).
The following Corollary 4.2 improves this result, since it is valid to the case limx→0+ f (x) = ∞ and provides more desirable
intervals of λ.
Corollary 4.2. Assume (H1)–(H2) hold and c ∈ (0,∞) is a positive constant, then
(a) If i0 = 1 or 2, Eq. (1.1) has i0 positive T-periodic solution(s) for
λ >
M
m2B min
x∈[ mM c,c]
f (x)
x
.
(b) If i∞ = 1 or 2, Eq. (1.1) has i∞ positive T-periodic solution(s) for
0 < λ <
1
MB max
x∈
[
c,Mm c
] f (x)x .
Proof. (a) If f0 = 0, then there exists small enough r1 such that c > r1 > 0 and
m2 min
x∈[ mM c,c]
f (x)
x
≥ M2 max
x∈
[
m2
M2
r1,
m
M r1
] f (x)x → 0 (as r1 → 0).
By applying Theorem 3.2 with R = mM c and r = mM r1, Eq. (1.1) has a positive T -periodic solution x satisfying
m
M
r1 < x ≤ c.
If f∞ = 0, then there exists large enough R1 such that R1 > c > 0 and
m2 min
x∈[ mM c,c]
f (x)
x
≥ M2 max
x∈
[
M
m R1,
M2
m2
R1
] f (x)x → 0 (as R1 →∞).
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Thus, by applying Theorem 3.1 with R = Mm R1 and r = c , there exists a positive T -periodic solution x of (1.1) satisfying
c < x ≤ M
2
m2
R.
(b) If f0 = ∞, then there exists small enough r2 such that c > r2 > 0 and
M2 max
x∈
[
c,Mm c
] f (x)x ≤ m2 minx∈[ m2
M2
r2,
m
M r2
] f (x)x →∞ (as r2 → 0).
Thus, by applying Theorem 3.1 with R = c and r = mM r2, Eq. (1.1) has a positive T -periodic solution x satisfying
m
M
r2 < x ≤ Mmc.
If f∞ = ∞, then there exists large enough R2 > c > 0 such that
M2 max
x∈
[
c,Mm c
] f (x)x ≤ m2 minx∈[Mm R2,M2m2 R2]
f (x)
x
→∞ (as R2 →∞).
Thus, by applying Theorem 3.2 with R = Mm R2 and r = Mm c , there exists a positive T -periodic solution x of (1.1) satisfying
M
m
c < x ≤ M
2
m2
R2.
This completes the proof. 
As another application of Theorems 3.1 and 3.2, we present the following Corollary 4.3 for Eq. (1.1). As far as Eq. (4.1) (a
particular case of Eq. (1.1)) is concerned, this Corollary 4.3 is exactly the same as Theorem 1.3 in Ref. [1].
Corollary 4.3. Assume (H1)–(H2) hold and i0 = i∞ = 0, then
(1) If m2f0 > M2f∞, Eq. (1.1) has a positive T-periodic solution for
1
MBf∞
> λ >
M
m2Bf0
.
(2) If m2f∞ > M2f0, Eq. (1.1) has a positive T-periodic solution for
1
MBf0
> λ >
M
m2Bf∞
.
Proof. (1) Since m2f0 > M2f∞, inequality (3.1) is satisfied by taking r small enough and R large enough. According to
Theorem 3.1, Eq. (1.1) has a positive T -periodic solution for
1
MB(f∞ − ε) > λ >
M
m2B(f0 + ε) ,
where ε > 0 is sufficiently small.
(2) Since m2f∞ > M2f0, inequality (3.3) is satisfied by taking R large enough and r small enough. As a consequence of
Theorem 3.2, Eq. (1.1) has a positive T -periodic solution for
1
MB(f0 − ε) > λ >
M
m2B(f∞ + ε) ,
where ε > 0 is sufficiently small. This completes the proof. 
Example 4.4. For λ ∈ (0.067, 2.275), the equation
x′(t) = sin
2 t
3pi
x(t)− 2λ cos2 t
(
x(t − 0.1 sin2 t)esin 2pix(t−0.1 sin2 t)
2
+ 4x(t − 0.1 sin
2 t)
x(t − 0.1 sin2 t)+ 1
)
(4.2)
has at least two positive pi-periodic solutions x1(t) and x2(t) verifying 14 < x1(t) ≤ 12e
1
6 and 12e
1
6 < x2(t) ≤ 16e 16
respectively.
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Proof. To apply Theorem 3.1, let f (x) = xesin 2pix2 + 4xx+1 and b(t) = 2 cos2 t . Calculation yields that
m = e
−1
6
1− e−16
, M = 1
1− e−16
, B = 1.
By taking r = 14 and R = 12 , we get
min
[ mM r,r]
f (x)
x
= min[
e
−1
6
4 ,
1
4
]
{
esin 2pix
2
+ 4
x+ 1
}
≥ e
sin
(
pi
2 e
−1
6
)
2
+ 41
4 + 1
> 4.526,
max[
R,Mm R
] f (x)x = max[ 1
2 ,
1
2 e
1
6
]
{
esin 2pix
2
+ 4
x+ 1
}
≤ e
sinpi
2
+ 41
2 + 1
< 2.85,
thus it follows
m2 min
[ mM r,r]
f (x)
x
≥ M2 max[
R,Mm R
] f (x)x . (4.3)
By applying Theorem 3.1 with r = 14 and R = 12 , for λ ∈ (0.024, 2.275), Eq. (4.2) has a positive pi-periodic solution x1(t)
satisfying 14 < x1(t) ≤ 12e
1
6 .
By taking r = 12e
1
6 and R = 16, we get
min
[ mM r,r]
f (x)
x
= min[
1
2 ,
1
2 e
1
6
]
{
esin 2pix
2
+ 4
x+ 1
}
≥ e
sin
(
pie
1
6
)
2
+ 4
1
2e
1
6 + 1
> 2.8038,
max[
R,Mm R
] f (x)x = max[
16,16e
1
6
]
{
esin 2pix
2
+ 4
x+ 1
}
≤ e
2
+ 4
16+ 1 < 1.6013,
Therefore (4.3) is satisfied for r = 12e
1
6 and R = 16. According Theorem 3.1, for λ ∈ (0.077, 4.049), Eq. (4.2) has a positive
pi-periodic solution x2(t) satisfying 12e
1
6 < x2(t) ≤ 16e 16 .
In conclusion, Eq. (4.2) has at least two positive pi-periodic solutions for λ ∈ (0.024, 2.275) ∩ (0.077, 4.049), that is,
λ ∈ (0.077, 2.275). 
Remark. Results in [1–6] fail to Example 4.4, since limx→0 f (x)x 6= 0,∞ and limx→∞ f (x)x 6= 0,∞.
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